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DILATIONS FOR SYSTEMS OF IMPRIMITIVITY ACTING ON
BANACH SPACES
DEGUANG HAN, DAVID R. LARSON, BEI LIU, AND RUI LIU
Abstract. Motivated by a general dilation theory for operator-valued measures, framings
and bounded linear maps on operator algebras, we consider the dilation theory of the
above objects with special structures. We show that every operator-valued system of
imprimitivity has a dilation to a probability spectral system of imprimitivity acting on
a Banach space. This completely generalizes a well-kown result which states that every
frame representation of a countable group on a Hilbert space is unitarily equivalent to
a subrepresentation of the left regular representation of the group. The dilated space in
general can not be taken as a Hilbert space. However, it can be taken as a Hilbert space
for positive operator valued systems of imprimitivity. We also prove that isometric group
representation induced framings on a Banach space can be dilated to unconditional bases
with the same structure for a larger Banach space This extends several known results on
the dilations of frames induced by unitary group representations on Hilbert spaces.
1. Introduction
In a recent paper [12] we developed a general dilation theory for operator-valued mea-
sures, and for bounded linear maps on von Neumann algebras. It is well known that,
if A is a C∗-algebra with unit and φ : A → B(H) is a completely bounded map, then
there exists a Hilbert space K, a ∗-homomorphism π : A→ B(K), and bounded operators
Vi : H → K, i = 1, 2, with ‖φ‖cb = ‖V1‖ · ‖V2‖ such that
φ(a) = V ∗1 π(a)V2
for all a ∈ A (see Theorem 8.4 in [20]). Thus, a bounded linear map from a unital C∗-algebra
into B(H) has a Hilbert space dilation to a ∗-homomorphism if and only if the mapping
is completely bounded (The necessary part follows from the complete boundedness of ∗-
homomorphisms). The theory tells us that even if the bounded map is not completely
bounded it still has a Banach space dilation to a homomorphism, and any operator valued
measure has a Banach space dilation. These results can be viewed as generalizations of
the known result of Casazza, Han and Larson in [3] that arbitrary framings have Banach
space dilations, and also the known result that completely bounded maps have Hilbert
space dilations. This paper continues the investigation of the dilation theory for operator
valued measures and bounded linear maps between operator algebras. Our focus will be
on the dilation theory for structured operator-valued measures associated with systems of
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imprimitivity. This is partially motivated by the dilation results for discrete structured
frames (cf. [6, 7, 9, 10, 11]), and our new dilation theorems discussed in [12, 13, 16].
The concept of a system of imprimitivity was introduced by Mackey [17, 18] for his theory
of induced representations of locally compact groups. It is used in algebra and analysis in
the theory of group representations. The theory of systems of imprimitivity includes both
the finite dimensional case and the infinite dimensional case. In Mackey’s theory, every
infinite dimensional system of imprimitivity is affiliated with a projection-valued measure
on a Hilbert space. Motivated by the Banach space dilation aspects of operator valued
measures developed in [12], we develop a dilation theory of operator valued systems of
imprimitivity based on semi-groups acting on both Hilbert and Banach spaces. In section
3, we will prove that every operator-valued system of imprimitivity on (S,Σ) can be dilated
to a probability spectral system of imprimitivity, where Σ is a σ-field of subsets of a set Ω
and S a sub-semigroup of a Σ-measurable group G. Even in the case that the projective
operator-valued system of imprimitivity on (S,Σ) is based on a Hilbert space, the dilated
probability projective spectral system of imprimitivity in general is based on a Banach
space. This Banach space restriction seems necessary because there is an example of a
Hilbert space based operator-valued measure which has a Banach space dilation but not a
Hilbert space dilation. (See Theorem E and the subsequent discussion in the introduction
of [12]). In the special case of positive operator valued systems of imprimitivity acting on a
Hilbert space we show that they can be dilated to (orthogonal) projection valued systems
of imprimitivity. We remark that the proof of our main dilation theorem (Theorem 3.1)
relies on the existence of a minimal dilation space and a minimal dilation norm that were
introduced in [12].
Related to the dilation of group representation frame generators to wandering vector
or more generally Riesz vectors the first named author of this paper proved a geometric
structural theorem for the dilations of dual frame pairs induced by a group representation
acting on a Hilbert space. The proof of this theorem (especially for the subspace dual frame
pair case) very much involves techniques from the theory of group von Neumann algebras
[9, 10]. We extend the above result in section 4 to framings (a concept that generalizes dual
frame pairs and captures the Banach space nature of the frame dilation theory) that are
induced by isometric representations of a countable group on Banach spaces. We prove that
any such a framing has an unconditional basis dilation of the same structure. Moreover,
the dilation Banach space can be explicitly constructed.
2. Preliminaries and Examples
The concept of infinite dimensional systems of imprimitivity in Hilbert spaces can be
generalized to Banach space cases. The ingredients are a semigroup S, a σ-field Σ of
subsets of a set Ω, and a measurable semigroup action
S × Σ→ Σ, (s,E) 7→ sE,
that satisfies that for all E ∈ Σ and s, t ∈ S:
(1) s(tE) = (st)E
(2) eE = E, s∅ = ∅, sΩ = Ω
(3) s(
⋃∞
n=1En) =
⋃∞
n=1 sEn
(4) s(
⋂∞
n=1En) =
⋂∞
n=1 sEn.
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We refer to this as a Σ-measurable S-space, denoted by (S,Σ), for example,(N,R+).
In this paper the term semigroup will signify a semigroup with unit. We shall usually
write the operation multiplicatively and denote the unit by e. In particular, a subsemigroup
S of a Σ-measurable group G is a Σ-measurable S-space with the relative measure.
A multiplier on a semigroup S is a function ω, from the Cartesian product S × S to the
unit circle T in the complex plane C, such that for all elements s, t and u of S:
(1) ω(e, s) = ω(s, e) = 1;
(2) ω(s, t)ω(st, u) = ω(s, tu)ω(t, u).
If S is a group, then if follows from (1) and (2) that for all s ∈ S , we have ω(s, s−1) =
ω(s−1, s). If a multiplier ω satisfies ω(s, s−1) = ω(s−1, s) = 1 for all s ∈ S, we say that ω is
symmetric.
We generalize the concept of projective isometric representations (see [19]) from Hilbert
spaces to Banach spaces. Let S be a semigroup and X a Banach space. A projective
isometric representation of S on X is a map, W : s 7→ Ws, from S to B(X) having the
following properties for all elements s, t ∈ S:
(1) Ws is an isometry and We = 1;
(2) WsWt = ω(s, t)Wst, where ω(s, t) are scalars of unit modulus..
It follows from the equations that the function, ω : (s, t) 7→ ω(s, t), is a multiplier on S, it
is called the multiplier associated to W .
If all theWs are surjective isometries, we say thatW is a projective isometric isomorphism
representation. In this case, if the associated multiplier ω is symmetric, then for all s ∈ S
Ws−1 =W
−1
s .
A projective isometric representation or projective isometric isomorphism representa-
tion with ω an associated multiplier will sometimes be referred to as an isometric ω-
representation or, respectively, an isometric isomorphism ω-representation.
We remark that if S is a group, then a projective isometric representation is automatically
a projective isometric isomorphism representation.
Let X and Y be Banach spaces, and let (Ω,Σ) be a measurable space. A B(X,Y )-valued
measure on Ω is a map E : Σ → B(X,Y ) that is countably additive in the weak operator
topology; that is, if {Bi} is a disjoint countable collection of members of Σ with union B,
then
y∗(E(B)x) =
∑
i
y∗(E(Bi)x)
for all x ∈ X and y∗ ∈ Y ∗. The Orlicz-Pettis theorem states that weak unconditional
convergence and norm unconditional convergence of a series are the same in every Banach
space (c.f.[5]). Thus we have that
∑
iE(Bi)x weakly unconditionally converges to E(B)x
if and only if
∑
iE(Bi)x strongly unconditionally converges to E(B)x. So it is equivalent
to saying that E is strongly countably additive, that is, if {Bi} is a disjoint countable
collection of members of Σ with union B, then
E(B)x =
∑
i
E(Bi)x
for all x ∈ X.
A B(X)-valued measure E on (Ω,Σ) is called:
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(i) an operator-valued probability measure if E(Ω) = IX ,
(ii) a projection-valued measure if E(B) is a projection on X for all B ∈ Σ,
(iii) a spectral operator-valued measure if for all A,B ∈ Σ, E(A ∩ B) = E(A) · E(B)
(we will also use the term idempotent-valued measure to mean a spectral-valued
measure.)
It is an elementary fact that a B(X)-valued measure which is a projection-valued measure
is always a spectral-valued measure (c.f. [12, 20]). Note that spectral operator-valued
measures are clearly projection-valued measures. So (ii) and (iii) are equivalent.
Let G be a locally compact Hausdorff topological group acting on a measurable space
(Ω,Σ). A (orthogonal) projection-valued system of imprimitivity (respectively, positive
operator-valued system of imprimitivity) based on (G, (Ω,Σ)) consists of a separable Hilbert
space H and a pair consisting of a strongly-continuous unitary representation U : g 7→ Ug
of G on H, and a (orthogonal) projection-valued measure (respectively, a positive operator-
valued measure) π on the measurable subsets of Ω with values in the projections (respec-
tively, positive operators) on H, which satisfy
Ug π(E)Ug−1 = π(g · E) for all g ∈ G and E ∈ Σ.
Example 2.1. Let µ be a left Haar measure on the Borel subsets B of a locally compact
Hausdorff topological group G, and U : G → B(H) be a strongly-continuous unitary rep-
resentation of G on a separable Hilbert space H. Then f ∈ H is called a Bessel vector if
there is a constant C > 0 such that∫
G
|〈x,Ugf〉H|
2dµ(g) ≤ C‖x‖2 for all x ∈ H.
For a Bessel vector f ∈ H, we define ̟f : B → B(H) by
̟f (E) :=
∫
E
Ugf ⊗ Ugf dµ(g) for all E ∈ B,
that is,
〈̟f (E)x, y〉H :=
∫
E
〈x,Ugf〉H〈Ugf, y〉H dµ(g) for all x, y ∈ H,
or equivalently,
̟f (E)x :=
∫
E
〈x,Ugf〉HUgf dµ(g) for all x ∈ H.
Then ̟f is a positive-operator valued measure on (G,B).
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Moreover, (U,̟f ) is a positive operator-valued system of imprimitivity. Indeed, for any
g ∈ G, E ∈ B, and x, y ∈ H, we have
〈Ug̟f (E)Ug−1x, y〉 = 〈̟f (E)Ug−1x,Ug−1y〉
=
∫
E
〈Ug−1x,Ug′f〉 · 〈Ug′f, Ug−1y〉 dµ(g
′)
=
∫
E
〈x,UgUg′f〉 · 〈UgUg′f, y〉 dµ(g
′)
=
∫
E
〈x,Ug·g′f〉 · 〈Ug·g′f, y〉 dµ(g
′)
=
∫
g·E
〈x,Ug′f〉 · 〈Ug′f, y〉 dµ(g
′)
= 〈̟f (g · E)x, y〉.
Thus Ug̟f (E)Ug−1 = ̟f (g · E), and so (U,̟f ) is a positive operator-valued system of
imprimitivity of (G,B) on H.
The following example is the continuous wavelet transform.
Example 2.2. Let Ω = {(a, b) : a > 0, b ∈ R}. The action on Ω is defined by (a, b)(s, t) =
(as, b+ at). For any (a, b) ∈ Ω and E ∈ B, we have∫∫
(a,b)E
1
dsdt
s2
=
∫∫
E
1
dsdt
s2
The left Haar measure µ on the Borel subsets B of Ω is dsdt/s2. Let H = L2(R). For
(a, b) ∈ Ω, define
Ua,b : L
2(R)→ L2(R), Ua,b(f) = a
−1/2f(
x− b
a
).
Then U is a strongly continuous unitary representation of Ω on the separable Hilbert space
L2(R). From the wavelet theory, we have the following identity for the continuous wavelet
transform ([4, Proposition 2.4.1]):
For all f, g ∈ L2(R), we have∫∫
Ω
〈f, Ua,b(h)〉〈g, Ua,b(h)〉
dadb
a2
= Ch〈f, g〉,
Where h ∈ L2(R) satisfies
(2.1) Ch =
∫ +∞
0
1
|ω|
|hˆ(ω)|2dω 6= 0.
Thus for any h ∈ L2(R) satisfies (2.1), we have∫∫
Ω
|〈f, Ua,b(h)〉|
2 dadb
a2
= Ch‖f‖
2.
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Define
̟h(E)(f) =
∫∫
E
〈f, Ua,b(h)〉Ua,b(h)
dadb
a2
.
Then ̟h is a positive-operator-valued measure, and so (U,̟h) is a positive operator-valued
system of imprimitivity of (Ω,B) on L2(R).
3. Dilation of operator-valued systems of imprimitivity
Let S be a semigroup acting on a σ-field Σ of subsets of a set Ω. A projective isometric
operator-valued system of imprimitivity based on (S,Σ) consists of a Banach space X and
a pair consisting of:
(1) A projective isometric representation W : s 7→Ws of S on X;
(2) An operator-valued measure ϕ on Σ with values in the operators on X,
satisfying that for all s ∈ S and E ∈ Σ
Wsϕ(E) = ϕ(sE)Ws.
A projective isometric operator-valued system of imprimitivity (W,ϕ) is denoted probability
if W is a probability operator-valued measure.
A projective isometric spectral system of imprimitivity based on (S,Σ) consists of X and
a pair consisting of:
(1) A projective isometric representation W : s 7→Ws of S on X;
(2) A spectral measure ρ on Σ with values in the projections on X,
satisfying that for all s ∈ S and E ∈ Σ
Wsρ(E) = ρ(sE)Ws.
A projective isometric operator-valued system of imprimitivity or projective isometric spec-
tral system of imprimitivity with ω an associated multiplier will sometimes be referred to
as an operator-valued ω-system of imprimitivity or, respectively, an spectral ω-system of
imprimitivity.
Example 3.1. For some structured frames that include Gabor frames, recall that a pro-
jective unitary representation π for a countable group G is a mapping g → π(g) from G
into the set of unitary operators on a Hilbert space H such that π(g)π(h) = µ(g, h)π(gh)
for all g, h ∈ G, where µ(g, h) belongs to the circle group T. The mapping (g, h)→ µ(g, h)
is then called a multiplier of π. The image of a projective unitary representation is also
called a group-like unitary system. If a projective representation π on a Hilbert space H
admits a frame vector ξ, i.e., {π(g)ξ}g∈G is a frame for H, then π is called a frame rep-
resentation. From the proof in Example 2.1, it is easy to see that {π(g)ξ}g∈G induces a
projective operator-valued isometric system of imprimitivity.
Let (W,ϕ) be an operator-valued ω-system of imprimitivity of (S,Σ) on a Banach space
X and (V, ρ) a spectral ω-system of imprimitivity of (S,Σ) on a Banach space Z. Then
(V, ρ) is said to be a dilation of (W,ϕ) if there are bounded operators Q : Z → X and
T : X → Z such that for all s ∈ S and E ∈ Σ:
(1) ϕ(E) = Qρ(E)T ;
(2) QVs =WsQ;
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(3) VsT = TWs.
In this case, (V, ρ,Q, T ) is called a dilation system of (W,ϕ). The representation of S on
X can be viewed as a subrepresentation of the representation of S on Z.
The following is the first main result of this paper. It says in particular that a represen-
tation of a group on a Banach space which is suitably affiliated with an operator-valued
probability measure is a subrepresentation of one which is affiliated with a projection-valued
probability measure. This completely generalizes a theorem from [11] which states that ev-
ery frame representation of a countable group on a Hilbert space is unitarily equivalent to
a subrepresentation of the left regular representation of the group.
Theorem 3.2. Let Σ be a σ-field of subsets of a set Ω and S a Σ-measurable semigroup.
Then every projective isometric operator-valued system of imprimitivity of (S,Σ) can be
dilated to a probability projective isometrc spectral system of imprimitivity.
Since the proof is lengthy and technical, we divide it into several lemmas and propositions.
Lemma 3.3. Let (W,ρ) be a projective isometric spectral system of imprimitivity of (S,Σ)
on a Banach space X. Then
(1) ρ(Ω)X is an invariant subspace of W ;
(2) The restriction (W |ρ(Ω)X , ρ|ρ(Ω)X ) is a probability projective isometric spectral sys-
tem of imprimitivity of (S,Σ) on ρ(Ω)X.
Proof. Since ρ(Ω) is a projection, ρ(Ω)X is a Banach space. For all s ∈ S,
Wsρ(Ω)X = ρ(sΩ)WsX = ρ(Ω ∩ sΩ)WsX = ρ(Ω)ρ(sΩ)WsX ⊂ ρ(Ω)X.
It follows that ρ(Ω)X is an invariant subspace of W , then W |ρ(Ω)X , denoted by Ŵ , is a
projective isometric representation of S on ρ(Ω)X. It is clear that ρ(Ω)X is also an invariant
subspace of ρ, and ρ|ρ(Ω)X , denoted by ρˆ, is a probability spectral measure on ρ(Ω)X. For
all s ∈ S and E ∈ Σ we have
Ŵsρˆ(E) =Wsρ(E)|ρ(Ω)X = ρ(sE)Ws|ρ(Ω)X = ρˆ(sE)Ŵs.
Thus, (Ŵ , ρˆ) is a probability projective isometric spectral system of imprimitivity. 
Lemma 3.4. The subspace Q(Z) is invariant subspace under (W,ϕ), and the restriction
(W |Q(Z), ϕ|Q(Z)) is a projective isometric operator-valued system of imprimitivity of (S,Σ)
on Q(Z).
Proof. It is sufficient to prove that Q(Z) is an invariant subspace of (W,ϕ). For all s ∈ S,
WsQ(Z) = QVs(Z) ⊂ Q(Z). For all E ∈ Σ we have
ϕ(E)Q(Z) = Qρ(E)TQ(Z) ⊆ Q(Z).
Thus, (W |Q(Z), ϕ|Q(Z)) is a projective isometric operator-valued system of imprimitivity.

Lemma 3.5. Let (W,ϕ) be a projective isometric operator-valued system of imprimitivity
of (S,Σ) on X. If (V, ρ,Q, T ) is a dilation system of (W,ϕ) on Z, then the restriction
(V |ρ(Ω)Z , ρ|ρ(Ω)Z , Q|ρ(Ω)Z , ρ(Ω)T )
is a probability dilation system of (W,ϕ) on ρ(Ω)Z.
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Proof. Denote (V |ρ(Ω)Z , ρ|ρ(Ω)Z , Q|ρ(Ω)Z , ρ(Ω)T ) by (V̂ , ρˆ, Q̂, T̂ ) for short, respectively. It is
easy to verify that ρˆ is a probability spectral measure on ρ(Ω)Z. For all E ∈ Σ, we have
ϕ(E) = Qρ(E)T = Qρ(Ω ∩ E ∩ Ω)T = Qρ(Ω)ρ(E)ρ(Ω)T = Q̂ρ(E)T̂ .
For each s ∈ S, we get Vsρ(Ω)Z = ρ(sΩ)VsZ = ρ(Ω)VsZ ⊆ ρ(Ω)Z. So ρ(Ω)Z is a invariant
subspace of V . Then for all s ∈ S, we have Q̂V̂s = QVs|ρ(Ω)Z =WsQ|ρ(Ω)Z =WsQ̂ and
V̂sT̂ = Vsρ(Ω)T = ρ(sΩ)VsT = ρ(Ω)TWs = T̂Ws.
Thus (V̂ , ρˆ, Q̂, T̂ ) is a probability dilation system of (W,ϕ) on ρ(Ω)Z. 
A key ingredient in the dilation theory of operator valued measures developed in [12] is
the introduction of the elementary dilation space Mϕ and the minimal dilation norm on
the space Mϕ. This is also needed in the the proof of Theorem 3.1.
Let X be a Banach spaces and (Ω,Σ, ϕ,B(X)) be an operator-valued measure system.
For any E ∈ Σ and x ∈ X, define
ϕx,E : Σ→ X, ϕx,E(F ) = ϕ(E ∩ F )x, ∀F ∈ Σ.
Then it is easy to see that ϕx,E is a vector-valued measure on (Ω,Σ) of X. Let Mϕ =
span{ϕx,E : x ∈ X,E ∈ Σ}. Define ‖ · ‖α :Mϕ → R+ ∪ {0} by∥∥∥∥∥
N∑
i=1
ciϕxi,Ei
∥∥∥∥∥
α
= sup
E∈Σ
∥∥∥∥∥
N∑
i=1
ciϕ(E ∩ Ei)xi
∥∥∥∥∥
X
for all
∑N
i=1 ciϕxi,Ei ∈Mϕ. Then ||·||α is a dilation norm onMϕ (see [12]), which is minimal
in the sense that, for any dilation norm || · ||β on Mϕ, there exists a constant Cβ such that
for any
∑N
i=1 ciϕxi,Ei ∈Mϕ,
sup
E∈Σ
∥∥∥∥∥
N∑
i=1
ciϕ(E ∩Ei)xi
∥∥∥∥∥
Y
≤ Cβ
∥∥∥∥∥
N∑
i=1
ciϕxi,Ei
∥∥∥∥∥
β
,
where N > 0, {ci}
N
i=1 ⊂ C, {xi}
N
i=1 ⊂ X and {Ei}
N
i=1 ⊂ Σ. Consequently we have that
‖f‖α ≤ Cβ‖f‖β, ∀f ∈Mϕ.
Definition 3.6. Let (W,ϕ) be a projective isometric operator-valued system of imprimi-
tivity of (S,Σ) on a Banach space X with the multiplier ω. Assume that ‖ · ‖d is a norm on
Mϕ and denote the completion by Mϕ. Then ‖ · ‖d is called a dilation norm of (W,ϕ) if:
(1) The map ρ : Σ → B(Mϕ) defined by ρ(E)(ϕx,F ) = ϕx,F∩E for all x ∈ X and
E,F ∈ Σ is an operator-valued measure;
(2) The maps T : X →Mϕ and Q :Mϕ → X defined by T (x) = ϕx,Ω and Q(ϕx,E) =
ϕ(E)x for all x ∈ X and E ∈ Ω are bounded;
(3) For all s ∈ S the map Vs on Mϕ defined by Vs(ϕx,E) = ϕWsx,sE for all x ∈ X and
E ∈ Σ is an isometry.
Lemma 3.7. (V, ρ,Q, T ) is a probability dilation system of (W,ϕ).
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Proof. In the terminology of Definition 3.6, it is easy to verify that ρ is a probability spectral
measure of Σ on Mϕ. Since
VsVt(ϕx,E) = ϕWsWtx,stE = ϕω(s,t)Wstx,stE = ω(s, t)ϕWstx,stE = ω(s, t)Vst(ϕx,E).
for all s, t ∈ S, x ∈ X and E ∈ Σ, we obtain VsVt = ω(s, t)Vst for all s, t ∈ S. Thus V is an
isometric ω-representation of S on Mϕ.
For all s ∈ S, x ∈ X and E,F ∈ Σ, we have
Vsρ(F )(ϕx,E) = Vs(ϕx,F∩E) = ϕWsx,s(F∩E) = ϕWsx,sF∩sE
= ρ(sF )ϕWsx,sE = ρ(sF )Vs(ϕx,E).
This implies that Vsρ(F ) = ρ(sF )Vs for all s ∈ S and F ∈ Σ. Thus (V, ρ) is a probability
spectral ω-system of imprimitivity of (S,Σ) on Mϕ. From
Qρ(E)T (x) = Qρ(E)(ϕx,Ω) = Q(ϕx,E) = ϕ(E)(x),
we get ϕ(E) = Qρ(E)T for all E ∈ Σ.
For all s ∈ S, x ∈ X and E ∈ Σ, we have
QVs(ϕx,E) = Q(ϕWsx,sE) = ϕ(sE)Ws(x) =Wsϕ(E)x =WsQ(ϕx,E).
Thus QVs =WsQ for all s ∈ S. Finally, for all s ∈ S and x ∈ X we have
VsT (x) = Vs(ϕx,Ω) = ϕWsx,Ω = T (Wsx).
This implies that VsT = TWs for all s ∈ S. Thus, (V, ρ,Q, T ) is a probability dilation
system of (S,Σ) on Mϕ. 
Definition 3.8. The norm || · ||α on the completion Mϕ is called the minimal dilation
norm, and its induced probability dilation system (V, ρ,Q, T ) is called the minimal dilation
system (W,ϕ).
Now we show that every injective dilation system induces a natural dilation norm. A
dilation system (V, ρ,Q, T ) of (W,ϕ) is said to be injective if
∑
ρ(Ei)T (xi) = 0 whenever∑
ϕxi,Ei = 0 for all xi ∈ X and Ei ∈ Σ. This is equivalent to that the natural map from
Mϕ to span{ρTx,E : x ∈ X,E ∈ Σ} by ϕx,E 7→ ρTx,E is injective (See Theorem 2.26 in [12]).
Proposition 3.9. Let (W,ϕ) be a projective isometric operator-valued system of imprimi-
tivity of (S,Σ) on X. If (V, ρ,Q, T ) is an injective dilation system of (W,ϕ) on Z, define
‖ · ‖d on Mϕ by
‖µ‖d =
∥∥∥∑
i
ρ(Ei)T (xi)
∥∥∥
Z
for all µ =
∑
i ϕxi,Ei ∈ Mϕ. Then ‖ · ‖d is a dilation norm of (W,ϕ). Assume that
(Vd, ρd, Qd, Td) is the corresponding probability dilation system of (W,ϕ) on Mϕ. Thus,
the natural map R from Mϕ to Z defined by
R(µ) =
∑
i
ρ(Ei)T (xi)
for all µ =
∑
i ϕxi,Ei ∈ Mϕ is a linear isometry and satisfies that for all s ∈ S and E ∈ Σ
we have
(1) R(Vd)s = VsR;
10 DEGUANG HAN, DAVID R. LARSON, BEI LIU, AND RUI LIU
(2) Rρd(E) = ρ(E)R;
(3) Qd = QR;
(4) RTd = ρ(Ω)T .
Proof. By Theorem 2.26 in [12], we know that ‖ · ‖d is an norm, Qd and Td both are well-
defined, linear and bounded, and that ρd is a probability spectral measure. So we only need
to prove that for all s ∈ S, (Vd)s is an isometry. Let µ =
∑
i ϕxi,Ei ∈Mϕ. Then we have
‖(Vd)s(µ)‖d =
∥∥∥(Vd)s(∑
i
ϕxi,Ei
)∥∥∥
d
=
∥∥∥∑
i
ϕWsxi,sEi
∥∥∥
d
=
∥∥∥∑
i
ρ(sEi)TWs(xi)
∥∥∥ = ∥∥∥∑
i
ρ(sEi)VsT (xi)
∥∥∥
=
∥∥∥∑
i
Vsρ(Ei)T (xi)
∥∥∥ = ∥∥∥Vs(∑
i
ρ(Ei)T (xi)
)∥∥∥
=
∥∥∥∑
i
ρ(Ei)T (xi)
∥∥∥ = ∥∥∥∑
i
ϕxi,Ei
∥∥∥
d
= ‖µ‖d.
Thus, ‖ · ‖d is a dilation norm of (W,ϕ). It is clear by definition that R is an isometric
embedding from Mϕ into Z. For all s ∈ S, x ∈ X and F ∈ Σ, we have
R(Vd)s(ϕx,F ) = R(ϕWsx,sF ) = ρ(sF )TWs(x) = ρ(sF )VsT (x)
= Vsρ(F )T (x) = VsR(ϕx,F ).
Thus R(Vd)s = VsR for all s ∈ S. If x ∈ X and E,F ∈ Σ, then we have
Rρd(E)(ϕx,F ) = R(ϕx,E∩F ) = ρ(E ∩ F )T (x)
= ρ(E)ρ(F )T (x) = ρ(E)R(ϕx,F ),
and thus Rρd(E) = ρ(E)R for all E ∈ Σ. Finally, if x ∈ X and F ∈ Σ, then we get
RTd(x) = R(ϕx,Ω) = ρ(Ω)T (x),
Qd(ϕx,F ) = ϕF (x) = Qρ(F )T (x) = QR(ϕx,F ).
Therefore we get that RTd = ρ(Ω)T and Qd = QR. 
Now we are ready to complete the proof of Theorem 3.2.
Proof of Theorem 3.2: Let (W,ϕ) be a projective isometric operator-valued system of
imprimitivity of (S,Σ) on a Banach space X, and (ρ,Q, T ) be the minimal dilation system
of ϕ on Mϕ. For any s ∈ S, define Vs on Mϕ by Vs(ϕx,E) = ϕWsx,sE for all x ∈ X and
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E ∈ Σ. Then for all µ =
∑
j ϕxj ,Ej ∈Mϕ
‖Vs(µ)‖ =
∥∥∥Vs(∑ϕxj ,Ej)∥∥∥ = ∥∥∥∑ϕWsxj ,sEj∥∥∥
= sup
F∈Σ
∥∥∥∑ϕ(sEj ∩ F )Wsxj∥∥∥ = sup
F∈Σ
∥∥∥∑Wsϕ(Ej ∩ s−1F )xj∥∥∥
= sup
F∈Σ
∥∥∥Ws (∑ϕ(Ej ∩ F )xj)∥∥∥ ≤ sup
F∈Σ
∥∥∥∑ϕ(Ej ∩ F )xj∥∥∥
=
∥∥∥∑ϕxj ,Ej∥∥∥ = ‖µ‖.(3.1)
For all s, t ∈ S, x ∈ X and E ∈ Σ, we have
VsVt(ϕx,E) = Vs(ϕWtx,tE) = ϕWsWtx,s(tE) = ϕω(s,t)Wstx,(st)E = ω(s, t)Vst(ϕx,E).
This implies that VsVt = ω(s, t)Vst for each s, t ∈ S. Thus, V is an isometric ω-representation
of S on Mϕ. Furthermore, since for all s ∈ S, x ∈ X and E,F ∈ Σ we have
Vsρ(E)(ϕx,F ) = Vs(ϕx,E∩F ) = ϕWsx,s(E∩F ) = ϕWsx,sE∩sF
= ρ(E)(ϕWsx,sF ) = ρ(sE)Vs(ϕx,F ),
we obtain that Vsρ(E) = ρ(sE)Vs for all s ∈ S and E ∈ Σ. Therefore ‖ · ‖Mϕ is a dilation
norm of (W,ϕ), and so, by Lemma 3.7, (V, ρ,Q, T ) is a probability dilation system of
(W,ϕ). 
While the dilated probability projective spectral system of imprimitivity in general is
based on a Banach space, it is natural to ask whether the dilated space can also be taken as
a Hilbert space if the considered isometric operator-valued system of imprimitivity is based
on a Hilbert space. Since there exists an example of a Hilbert space based operator-valued
measure which has a Banach space dilation but not a Hilbert space dilation (See Theorem
E and the subsequent discussion in the introduction to [12]), it seems that this Banach
space restriction is necessary. However, as with Naimark’s dilation theorem (c.f. [1, 8, 20])
, if the condition of positivity is imposed on the isometric operator-valued system a Hilbert
space dilation is possible.
Theorem 3.10. Let G be a locally compact Hausdorff topological group acting on a measur-
able space (Ω,Σ). Let (U,̟) be an isometric positive operator-valued system of imprimitiv-
ity of (G,Σ) on a Hilbert space H. Then there is an isometric (orthogonal) projection-valued
system of imprimitivity (U˜ , π) of (G,Σ) on a Hilbert space K and a bounded linear operator
V : H → K such that
U˜gV = V Ug and ̟(E) = V
∗π(E)V
for all g ∈ G and E ∈ Σ.
Proof. Let M be the linear space of all vector measures from Σ to H. Define
M̟ = span{̟x,E : x ∈ H, E ∈ Σ}
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which is a linear subspace of M induced by ̟. Now we define a sesquilinear functional 〈 , 〉
on M̟ by
(3.2) 〈M1,M2〉 =
n∑
i=1
m∑
j=1
αiβ¯j〈̟(Ei ∩ Fj)xi, yj〉H
for each M1 =
∑n
i=1 αi̟xi,Ei and M2 =
∑m
j=1 βj̟yj ,Fj in M̟. Since
n∑
i=1
m∑
j=1
αiβ¯j〈̟(Ei ∩ Fj)xi, yj〉H =
m∑
j=1
β¯j〈M1(Fj), yj〉H =
n∑
i=1
αi〈xi,M2(Ei)〉H,
we get that the sesquilinear functional 〈 , 〉 is well-defined. For any M =
∑n
i=1 αi̟xi,Ei
(without losing the generality, we can assume that Ei’s are disjoint from each other), we
have that
〈M,M〉 =
n∑
i=1
n∑
j=1
αiα¯j〈ϕ(Ei ∩ Ej)xi, xj〉H =
n∑
i=1
|αi|
2〈ϕ(Ei)xi, xi〉H ≥ 0.
Thus 〈M,M〉 = 0 if and only if |αi|
2〈ϕ(Ei)xi, xi〉H = 0 for each 1 ≤ i ≤ n. For any E ∈ Σ
and 1 ≤ i ≤ n,
‖αiϕ
1/2(E ∩ Ei)xi‖
2 = |αi|
2〈ϕ1/2(E ∩ Ei)xi, ϕ
1/2(E ∩ Ei)xi〉H
= |αi|
2〈ϕ(E ∩ Ei)xi, xi〉H
≤ |αi|
2〈ϕ(Ei)xi, xi〉H = 0.
Thus, for all E ∈ Σ, we have
M(E) =
n∑
i=1
αi̟(E ∩ Ei)xi =
n∑
i=1
̟1/2(E ∩ Ei)(αiϕ
1/2(E ∩ Ei)xi) = 0,
which implies that M = 0. Thus 〈 , 〉 is positive definite and hence an inner product on
M̟. Let K be the completion of the inner product space M̟.
We define a linear map V : H → K by
(3.3) V (x) = ̟x,Ω for all x ∈ H.
Then
‖V (x)‖2 = 〈V (x), V (x)〉 = 〈̟x,Ω,̟x,Ω〉 = 〈̟(Ω)x, x〉
= 〈̟1/2(Ω)x,̟1/2(Ω)x〉 = ‖̟1/2(Ω)x‖2
for all x ∈ H. So V is bounded with
‖V ‖ = ‖̟1/2(Ω)‖ = ‖̟(Ω)‖1/2.
For any g ∈ G, define a linear map U˜g :M̟ →M̟ by
(3.4) U˜g(M)(E) = UgM(g
−1E)
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for all M ∈ M̟ and E ∈ Σ. Let M =
∑n
i=1 αi̟xi,Ei in M̟. Then for all E ∈ Σ, we get
U˜g(M)(E) = UgM(g
−1E)
=
n∑
i=1
αiUg̟(g
−1E ∩ Ei)xi
=
n∑
i=1
αi̟(E ∩ g ·Ei)Ugxi
That is,
(3.5) U˜g(M) =
n∑
i=1
αi̟Ug(xi), g·Ei ∈ M̟.
Thus, it is clear that U˜g is well-defined and surjective. For any M1,M2 ∈ M̟ with
M2 =
∑m
j=1 βj̟yj ,Fj , we obtain that
〈U˜g(M1), U˜g(M2)〉 =
〈
U˜g(M1),
m∑
j=1
βj̟Ug(yj), g·Fj
〉
=
m∑
j=1
β¯j〈U˜g(M1)(g · Fj), Ugyj〉
=
m∑
j=1
β¯j〈UgM1(Fj), Ugyj〉
=
m∑
j=1
β¯j〈M1(Fj), yj〉
=
〈
M1,
m∑
j=1
βj̟yj ,Fj
〉
= 〈M1,M2〉.
So U˜g can be uniquely extended to be a unitary operator on K for each g ∈ G. For any
g1, g2 ∈ G, M ∈ M̟ and E ∈ Σ, we have
U˜g1U˜g2(M)(E) = Ug1U˜g2(M)(g
−1
1 ·E) = Ug1Ug2M(g
−1
2 g
−1
1 ·E)
= Ug1g2M((g1g2)
−1 ·E) = U˜g1g2(M)(E).
This implies that U˜g1U˜g2 = U˜g1g2 and the map U˜ : G → B(K) is a unitary representation
of G on a Hilbert space K.
Now we define a representation U˜ : G → B(K) by
U˜(g)
(
n∑
i=1
̟xi,Ei
)
=
n∑
i=1
̟Ugxi,g·Ei .
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Since U is a strongly-continuous unitary representation, it is easy to see that U˜ is also a
strongly-continuous unitary representation. Now we show that
U˜gV = V Ug, and U˜gπ(E)U˜g−1 = π(g ·E).
Let g ∈ G. The we have g · Ω = g · Ω ∩ Ω = g · (Ω ∩ g−1 · Ω) = gg−1Ω = Ω.
Since, for any x ∈ H,
U˜gV (x) = U˜g(̟x,Ω) = ̟Ug(x),g·Ω = ̟Ug(x),Ω = V Ug(x),
we obtain that U˜gV = V Ug.
A bounded linear operator V : H → K, and an orthogonal projection-valued measure
π : Σ→ B(K) such that
̟(E) = V ∗π(E)V.
The set M̟ = span{̟x,E : x ∈ H, E ∈ Σ} is dense in K. For every E ∈ Σ, the linear map
π(E) : M˜̟ → M˜̟ is
π(E)
(
n∑
i=1
̟xi,Ei
)
=
n∑
i=1
̟xi,E∩Ei.
Since U˜ is an unitary representation, we only need to prove U˜gπ(E) = π(g · E)U˜g. For
any
∑n
i=1̟xi,Ei ∈ K,
U˜gπ(E)
(
n∑
i=1
̟xi,Ei
)
= U˜g
(
n∑
i=1
̟xi,Ei∩E
)
=
n∑
i=1
̟Ug(xi),g·(Ei∩E),
π(g · E)U˜g
(
n∑
i=1
̟xi,Ei
)
= π(g ·E)
(
n∑
i=1
̟Ug(xi),g·Ei
)
=
n∑
i=1
̟Ug(xi),g·(Ei∩E).
Hence U˜gπ(E)U˜g−1 = π(g · E). 
4. Dilation of isometric representation induced framings
In this section we investigate the dilation property for framings that are induced by a
projective isometric representation on a discrete group and based on a Banach space.
Recall that if {xj}j∈J is a frame for a Hilbert spaceH with the frame transform S = V
∗V ,
then we get a reconstruction operator S−1 satisfying
x =
∑
j∈J
〈x, S−1xj〉xj
and this series converges unconditionally for all x ∈ H. In [3], Casazza, Han and Larson
introduce a natural definition for a framing in a Banach space from this representation.
Definition 4.1. (i) A framing for a Banach space X is a pair of sequences {xj , fj}j∈J with
xj ∈ X and fj ∈ X
∗ for all j ∈ J such that
x =
∑
j∈J
〈x, fj〉xj for all x ∈ X
and this series converges unconditionally for all x ∈ H.
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(ii) Let X be a Banach space and G a discrete countable group with unit u. Assume
that θ is a projective isometric representation of G on X with a multiplier m. A θ-induced
framing for X is framing of the form {θgxj, θ
∗
g−1x
∗
j}g∈G,j∈J, where and that there exist
{xj}j∈J ⊂ X and {x
∗
j}j∈J ⊂ X
∗. When J is a singleton we say that this is a single-window
framing generated by θ, otherwise it is called a multi-window framing generated by θ.
A θ-induced framing naturally induces an operator-valued system of imprimitivity: Let
Σ be the σ-algebra consiting of all the subsets of G, and define
ϕ(E) =
∑
j∈J,g∈E
θgxj ⊗ θ
∗
g−1x
∗
j .
Then (ϕ, θ) is a projective isometric operator-valued system of imprimitivity, and conse-
quently by our main dilation theorem (Theorem 3.2) it can be dilated to a probability
projective isometrc spectral system of imprimitivity. However, the framing nature of the
dilated system becomes somewhat lost in this dilation. Our main result (Theorem 4.2) of
this section shows that we can dilate (ϕ, θ) to a probability projective isometrc spectral
system of imprimitivity that is also induced by a framing on the dilated Banach space.
We accomplish this by directly dilating a θ-induced framing to a projective representation
induced unconditional basis. The proof uses techniques from both the proof of our main
dilation theorem and the proof of the dilation theory of group representation induced dual
frame pairs in Hilbert spaces (cf. [10]). It is a dilation theorem for (finite or infinite)
multi-window framings generated by projective isometric representations of discrete groups
on Banach spaces.
Theorem 4.2. Let X be a Banach space and G a discrete countable group with unit u.
Assume that θ is a projective isometric representation of G on X with a multiplier m and
that there exist {xj}j∈J ⊂ X and {x
∗
j}j∈J ⊂ X
∗ such that {θgxj , θ
∗
g−1x
∗
j}g∈G,j∈J is a framing
for X. Then there exists a Banach space Z with an unconditional basis {eg,j , e
∗
g,j}g∈G,j∈J
such that the map T : X → Z defined by
T (x) =
∑
g∈G
∑
j∈J
〈x, θ∗g−1x
∗
j〉eg,j
is an into isomorphism, and the map S : Z → X given by
S
(∑
g∈G
∑
j∈J
ag,jeg,j
)
=
∑
g∈G
∑
j∈J
ag,jθgxj
is contractive and surjective, the map λ : G→ B(Z) defined by
λh
(∑
g∈G
∑
j∈J
ag,jeg,j
)
=
∑
g∈G
∑
j∈J
m(h, g)ag,jehg,j
is a projective isometric representation of G on Z with the same multiplier m and
‖λh‖ ≤ ‖θh‖ for all h ∈ G.
Furthermore, in this case, we have
(i) ST = IX and T
∗(e∗g,j) = θ
∗
g−1x
∗
j for all g ∈ G and j ∈ J;
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(ii) For each h ∈ G, we have
λ∗h
(∑
g∈G
∑
j∈J
bg,je
∗
g,j
)
=
∑
g∈G
∑
j∈J
m(h−1, g)bg,je
∗
h−1g,j.
Thus, eg,j = λgeu,j and e
∗
g,j = λ
∗
g−1e
∗
u,j for each g ∈ G and j ∈ J;
(iii) For all g ∈ G, we have
θgS = Sλg and λgT = Tθg.
Proof. First we need to construct our dilation Banach space Z with an unconditional basis
{eg,j, e
∗
g,j}g∈G,j∈J. To do this, define a new linear space F (G× J) by
F (G× J) = {f : G× J→ C : f is a function with finite support}
with the norm on F (G× J) given by
‖f‖ = sup
E⊂G×J
∥∥∥ ∑
(g,j)∈E
f(g, j)θgxj
∥∥∥ = max
E⊂G×J
∥∥∥ ∑
(g,j)∈E
f(g, j)θgxj
∥∥∥.
Let {eg,j}g∈G,j∈J be the natural unit vectors in F (G× J) and let Z denote the completion
of F (G× J) under the above norm ‖ · ‖. Note that ‖eg,j‖ = ‖θgxj‖ > 0 for each g ∈ G and
j ∈ J. Thus, it is easy to see that {eg,j}g∈G,j∈J is a contractive unconditional basis of Z.
Now, we define a map T : X → Z by
T (x) =
∑
g∈G
∑
j∈J
〈x, θ∗g−1x
∗
j〉eg,j for all x ∈ X.
It is basic to prove that T is well-defined, which we leave to interested readers. Since
C = sup
‖x‖≤1
sup
E⊂G×J
∥∥∥ ∑
(g,j)∈E
〈x, θ∗g−1x
∗
j〉θgxj
∥∥∥ <∞.
Then for all x ∈ X,
‖T (x)‖ = sup
E⊂G×J
∥∥∥ ∑
(g,j)∈E
〈x, θ∗g−1x
∗
j〉θgxj
∥∥∥ ≤ C‖x‖.
It follows that T is bounded with ‖T‖ ≤ C. Also, define a map S : F (G× J)→ X by
S(f) = S
(∑
g∈G
∑
j∈J
f(g, j)eg,j
)
=
∑
g∈G
∑
j∈J
f(g, j)θgxj for all f ∈ F (G× J).
That is, S(eg,j) = θgxj for all g ∈ G and j ∈ J. Then for any f ∈ F (G× J),
‖S(f)‖ =
∥∥∥∑
g∈G
∑
j∈J
f(g, j)θgxj
∥∥∥ ≤ sup
E⊂G×J
∥∥∥ ∑
(g,j)∈E
f(g, j)θgxj
∥∥∥ = ‖f‖.
Thus, S is contractive and can be uniquely extended to Z. For any h ∈ G, the map λh on
F (G× J) defined by
λh(f) = λh
(∑
g∈G
∑
j∈J
f(g, j)eg,j
)
=
∑
g∈G
∑
j∈J
m(h, g)f(g, j)ehg,j for all f ∈ F (G× J).
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That is, λh(eg,j) = m(h, g)ehg,j for all g ∈ G and j ∈ J. Moreover, we obtain that
‖λh(f)‖ =
∥∥∥∑
g∈G
∑
j∈J
m(h, g)f(g, j)ehg,j
∥∥∥
=
∥∥∥∑
g∈G
∑
j∈J
m(h, h−1g)f(h−1g, j)eg,j
∥∥∥
= sup
E⊂G×J
∥∥∥ ∑
(g,j)∈E
m(h, h−1g)f(h−1g, j)θgxj
∥∥∥
= sup
E⊂G×J
∥∥∥ ∑
(hg,j)∈E
m(h, g)f(g, j)θhgxj
∥∥∥
= sup
E⊂G×J
∥∥∥ ∑
(g,j)∈E
f(g, j)θhθgxj
∥∥∥
= sup
E⊂G×J
∥∥∥θh( ∑
(g,j)∈E
f(g, j)θgxj
)∥∥∥
= sup
E⊂G×J
∥∥∥ ∑
(g,j)∈E
f(g, j)θgxj
∥∥∥
= ‖f‖.
So λh is isometric and can be uniquely extended to Z. Clearly, for any h1, h2, g ∈ G,
λh1λh2(eg) = m(h2, g)λh1(eh2g) = m(h1, h2g)m(h2, g)eh1h2g
= m(h1, h2)m(h1h2, g)eh1h2g = m(h1, h2)λh1h2(eg).
It implies that
λh1λh2 = m(h1, h2)λh1h2 for each h1, h2 ∈ G.
Thus, λ is a projective isometric representation of G on Z with the same multiplier m.
Since for all x ∈ X, we have
ST (x) = S
(∑
g∈G
∑
j∈J
〈x, θ∗g−1x
∗
j〉eg,j
)
=
∑
g∈G
∑
j∈J
〈x, θ∗g−1x
∗
j 〉θgxj = x.
That is, ST = IX , which implies that T is an into isomorphism and that S is surjective.
Let {e∗g,j}g∈G,j∈J be the biorthogonal functionals of {eg,j}g∈G,j∈J. For each x ∈ X, h ∈ G
and j ∈ J,
〈x, T ∗(e∗h,j)〉 = 〈T (x), e
∗
h,j〉 =
〈∑
g∈G
∑
i∈J
〈x, θ∗g−1x
∗
i 〉eg,i, e
∗
h,j
〉
= 〈x, θ∗h−1x
∗
j 〉.
18 DEGUANG HAN, DAVID R. LARSON, BEI LIU, AND RUI LIU
Hence T ∗(e∗h,j) = θ
∗
h−1x
∗
j for all h ∈ G and j ∈ J. For every s, h, g ∈ G and i, j ∈ J,
〈es,i, λ
∗
h(e
∗
g,j)〉 = 〈λh(es,i), e
∗
g,j〉
= m(h, s)〈ehs,i, e
∗
g,j〉
= m(h, h−1g)〈es,i, e
∗
h−1g,j〉
= 〈es,i,m(h, h−1g)e
∗
h−1g,j〉
= 〈es,i,m(h
−1, g)e∗h−1g,j〉.
Then λh(e
∗
g,j) = m(h
−1, g)e∗h−1g,j. That is,
λ∗h
(∑
g∈G
∑
j∈J
bg,je
∗
g,j
)
=
∑
g∈G
∑
j∈J
m(h−1, g)bg,je
∗
h−1g,j =
∑
g∈G
∑
j∈J
m(h−1, hg)bhg,je
∗
g,j.
Thus,
eg,j = m(g, u)egu,j = λgeu,j and e
∗
g,j = m(g, u)e
∗
gu,j = λ
∗
g−1e
∗
u,j
for all g ∈ G and j ∈ J. Furthermore, we have
θhS(eg,j) = θhθgxj = m(h, g)θhgxj = S(m(h, g)ehg,j) = Sλh(eg,j),
and
λhT (x) = λh
(∑
g∈G
∑
j∈J
〈x, θ∗g−1x
∗
j〉eg,j
)
=
∑
g∈G
∑
j∈J
m(h, g)〈x, θ∗g−1x
∗
j 〉ehg,j
=
∑
g∈G
∑
j∈J
〈x,m(h, h−1g)θ∗
(h−1g)−1
x∗j〉eg,j
=
∑
g∈G
∑
j∈J
〈x,m(h−1, g)θ∗g−1hx
∗
j 〉eg,j
=
∑
g∈G
∑
j∈J
〈x, θ∗hθ
∗
g−1x
∗
j〉eg,j
=
∑
g∈G
∑
j∈J
〈θhx, θ
∗
g−1x
∗
j〉eg,j
= Tθh(x).
Thus, for all h ∈ G, we obtain that
θhS = Sλh and λhT = Tθh.
Then we complete the proof. 
Framings generated by projective isometric representations of discrete groups on Banach
spaces appear in various contexts of group representations theory, Gabor/wavelet represen-
tations for function spaces, and p-frames for shift-invariant subspaces. For the purpose of
demonstration we include two simple examples at the end of this paper.
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Example 4.3. Let X be a Banach space and G be a discrete countable group. Let I be
an isometric representation of G on X. Assume that there is x ∈ X and f ∈ X∗ such that
{Igx, I
∗
g−1f}g∈G is a framing for X. Let ϕ be the induced OVM defined by
ϕ(E) =
∑
g∈E
Igx⊗ I
∗
g−1f
for all E ⊂ G. Then (I, ϕ) is an operator-valued isometric system of imprimitivity. Actually,
for any g ∈ G, E ⊂ G and x ∈ X, we have
Igϕ(E)Ig−1(x) = Ig
∑
h∈E
〈Ig−1(x), I
∗
h−1f〉Ihx
=
∑
h∈E
〈x, I∗g−1I
∗
h−1f〉IgIhx
=
∑
h∈E
〈x, I∗(gh)−1f〉Ighx
=
∑
h∈gE
〈x, I∗h−1f〉Ihx
= ϕ(gE)(x).
That is, Igϕ(E)Ig−1 = ϕ(gE) for all g ∈ G and E ⊂ G. Thus, (I, ϕ) is an operator-valued
isometric system of imprimitivity. If {Igx, I
∗
g−1f}g∈G is an unconditional basis of X, then
(I, ϕ) is an isometric spectral system of imprimitivity.
Example 4.4. Let 1 ≤ p ≤ ∞, Γ be a countable set, and let X be a normed linear space
and X∗ be its dual. We say that {gλ : λ ∈ Γ} ⊂ X
∗ is a p-frame for X if the map T defined
by
T : X ∋ f 7→ {〈f, gλ〉}λ∈Γ ∈ ℓ
p(Γ),
is both bounded and bounded below, i.e., there exists a positive constant C such that for
all f ∈ X
C−1‖f‖X ≤
(∑
λ∈Γ
|〈f, gλ〉|
p
)1/p
≤ C‖f‖X
for 1 ≤ p <∞, and for all f ∈ X
C−1‖f‖X ≤ sup
λ∈Γ
|〈f, gλ〉| ≤ C‖f‖X
for p = ∞. In [AST], Aldroubi, Sun and Tang derived necessary and sufficient conditions
for an indexed family {φi(· − j) : 1 ≤ i ≤ r, j ∈ Z
d} to construct a p-frame for the shift
invariant space
Vp(Φ) =

r∑
i=1
∑
j∈Zd
di(j)φi(· − j) : (di(j))j∈Zd ∈ ℓ
p
 , 1 ≤ p ≤ ∞.
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They prove that if {φi(· − j) : 1 ≤ i ≤ r, j ∈ Z
d} is a p-frame for Vp(Φ), then there exists
{ψ1, ..., ψr} such that for all f ∈ Vp(Φ)
f =
r∑
i=1
∑
j∈Zd
〈f, ψi(· − j)〉φi(· − j) =
r∑
i=1
∑
j∈Zd
〈f, φi(· − j)〉ψi(· − j).
This is a multi-window framing generated by the isometric representation of the additive
group Zd on a shift invariant subspace of Lp(Rd).
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